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A simplified formulation is suggested for certain problems concerning
the development of cracks in solid bodies under the action of intense
pressure. As a model for the solid body an ideal liquid is considered;
such 8 model has already found wide application in the hydrodynamic
theory of hollow charges and explosion [1,2] and in the acoustic theory
of spalling [3] where extremely high pressures also exist. The proposed
simplification provides us with an effective method for solving a number
of problems which in a more exact formulation are found to be intract-
able. The solutions obtained may be of value in themselves within the
context of ideal liquids.

1. Hydrodynamic formulation of certain static problems of cracks in
solid bodies. 1. Suppose that a solid body, initially at rest, is sub-
jected to extremely large body and surface forces over a certain inter-
val of time At. As a model of the solid body, let us consider an ideal
liquid. This assumption is evidently justified for high pressures. In
addition, let us assume that

v<Le, vAt<€ L (1.1)

Here v is the characteristic velocity of particles of the body after
the application of the large pressures and body forces, c¢ is the velo-~
city of sound in the body and L is a characteristic linear dimension. If
conditions (1.1) are satisfied it can be shown (4] that for the particle
velocity v after impact and the impulse pressures

At

P = S pdt (p is the pressure)
0
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there exist the fundamental relations
v=grad ¢, A9=0, ¢=U-+4pP, F=grad U (1.2)

Here F are the impulse body forces, U is the potential and A i{s the
Laplace operator.

2. In [2,5], which deal with explosion theory, it is assumed that
the surfaces formed after the explosion are very smooth. Although such
an assumption would be quite justified in the case of noncohesive or
slightly cohesive s0ils such as sand, it is hardly justified for brittle
bodies (such as rock masses), since the surfaces formed after an ex-
plosion in such bodies are uneven, with cracks branching off into the
body. It is therefore of interest to construct a solution still on the
basis of the model of an ideal liquid for impact problems in a liquid
with cracks.

Suppose that the following condition is satisfied:
VAt > 1 (1.3)

Here V is the velocity of crack propagation and ! is the length of
the crack formed after the explosion. Condition (1.3) means that the
duration of unsteady crack propagation is small compared with the dura-
tion of the action of the intense pressures. Note that the maximum velo-
city of crack propagation is of the order of the velocity of sound [6,7],
and since vAt << I, equations (1.1) and (1.3) will not be inconsistent.

If condition (1.3) is satisfied, we can evidently assume that the
crack develops instantaneously and that the impulse of the cohesive
forces during the period of crack propagation is negligibly small com-
pared with their impulse during the time when the crack is stationary.
In connection with the latter cohesive forces, we shall adopt the two
hypotheses of Barenblatt, namely that the end region of the crack in
which the cohesive forces act is small and autonomous [7]. Then the in-
tensity of the cohesive forces will evidently be the same as the in-
tensity of the cohesive forces in a static crack.

Making use of the condition of finiteness of the impulse pressure at
the tip of the crack, which is analogous to Khristianovich’s condition
in the theory of cracks, it is not difficult to obtain the analogy of
Barenblatt’s condition [7]: the impulse pressure in the region of the
tip of the crack has a singularity of the type

KAt
T ays

(1.4)

where K is the static modulus of cohesion and s is the small distance
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from the tip of the crack on its extension. Condition (1.4) may be used
to determine the previously unknown length of the crack.

Note that when the impulse of the cohesive forces is negligibly small
compar>d with the other forces which resist the development of the crack,
one condition of finiteness is sufficient for the determination of the
crack length.

Conditions (1.1) are the conditions of statics for a solid body. The
displacement u and the pressure p within the body can easily be found
from the solution to the problem in its present simple formulation if it
is assumed that the pressures acting on the body are independent of time
during the interval At, and that the velocity v increases linearly with
time during this same interval At. Then

P =pAt, u=1/,VA: (1.5)

and since the problem is linear, the factor At cancels in the final
formulas. It should be pointed out that we can, of course, solve only
those problems in which on the bounding surfaces the normal stresses or
normal displacements are given and the tangential stresses are zero.

2. Specific problems. We shall now consider some problems of cracks
in solid bodies in the proposed simplified formulation. We shall confine
our attention to plane problems, for which the fundamental relations
(1.2) may be conveniently written in the form

P = p Re f (2), v=vx—{‘—ivy=m 2.1

where f'(z) is an analytic function of z = x + iy; v, and v, are compo-
nents of velocity along the axes of Cartesian coordinates x and y. Here

it is assumed that impulse body forces are absent (F = 0).

1. Simple problems. Consider an infinite body with a cavity of arbi-
trary shape but of finite dimensions with its surface free from loading.
Suppose that an impulse pressure P = P acts at infinity, as & result of
which cracks are propagated from the surface of the body, the cracks
also being free from loading. We assume that the crack configuration is
known.

It can be shown that in the case when there are one or two cracks
the solutions may be written, respectively, in the form

P z P g (2)
_tTey/ e+ L _ oof
fla) = pl/g(z)—L’ 10 = cyae = (2.2)

Here g(z) is a function which effects the conformal transformation
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of the exterior of the contour in the physical plane of z into the ex-
terior of the interval (-L, +L) with correspondence of points at in-
finity and the ends of sections. It is also not difficult to obtain a
solution in general form for any number of cracks which reach the bound-
ary of the body.

As an example, consider the case when the cavity is a circle of
radius R with two identical cracks of length ! along the x-axis. In this
case the transformation function g(z) may be written in the form

ot R) e R

and condition (1.4), which determines the length of the crack I, can be
reduced to the form

(2.3)

KA SAFD W 2A+ 2) A= (2.4)
nP, VR ACF A ! R :

The problem of crack interaction is also of interest. The solution
for problems with & one-row lattice of cracks, as well as the correspond-
ing results, coincide to the accuracy of a constant multiplier with
those obtained in [8, Bection 3]. These results will not be repeated
here. In a manner analogous to that of [8] we can also study the question
of the development of curvilinear cracks.

2. Explosion in a cylindrical cavity. Suppose that an explosion of
intensity Po occurs in & cylindrical cavity of radius R, and that as a
result 2n symmetrical cracks of the same length ! are formed in the body
radiating from the boundary of the cavity. At infinity there will be a
peak pressure g, so that the corresponding compressive impulse pressure
at infinity is g¢At.

The boundary conditions of the problem can be written in the form

P=90 for cot z=kn/n k=0,1,...,2n; |z|<I+ R)
P=P, for|z|=R
P=gAt4 o(1) as z—> o0 2.5

We rewrite conditions (2.5) in the form of a boundary-value problem
for determining the function f(z)

Ref(s) =0 foretz=kn/n (k=0,1,...,2n;z|<I+R) (2.6)
Ref(z) =Py/p for |lz|=R
f(s) =gqAt/p<4o(1) as z—» 0o

The solution to (2.6) is of the form [9]
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We now consider two of the more important particular cases of the
general problem. Suppose first of all that K/q\I (1<< 1), so that the
cohesive forces at the tip of the crack are small compared with the
forces from the peak pressure. Then the potential f(z) is given by

Py, U+ DIVA—D)@E—L)+ 3 —L24 (1 — D)

== i Va-DB e —Cc—I+catn &9

The crack length ! can be found from the condition of finiteness of
impulse pressure at the tip of the crack, which can be reduced to the

form
l - nqAt ngAt '™
T=(|/ L+ o? 5+ ot —p ) —1 (2.9)

When P, >> gAt, condition (2.9) assumes the form

l 2P, \1n

®= (m) —1 (2.10)
Suppose now that K/qJ (1>> 1), so that the cohesive forces at the

tip of the crack are large compared with the peak pressure. Then, in

expression (2.7) for f(z), we can set ¢ = 0 and determine the crack

length ! from condition (1.4), which in this case can be reduced to the
form

2.11)
P Vﬁ_<n[(1+z/m"—(1+z/x)‘")”’[ Vm . m]-l
Kai ™ L+ I/R) )LV i—a—=V iyt

Expressions (2.11) and (2.7) may be used to find the crack length I.
When POJ R/KAt >> 1, i.e. when the impulse forces are large compared
with the cohesive forces acting in the end region of the crack, so that
! >> R, formulas (2,11) and (2.7) can be reduced to the very much
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simplified form

PR n 1 \2n-1

gt =5 (7 @12
Formulas (2.9) to (2.12) show that the cragk length depends very

much on the number of cracks 2n, which in general is unknown. In order

to find this number a further physical condition is required. It is

apparent from physical considerations that in the first place n depends

on the magnitude of the impulse P0 and on the properties of the material.

3. An acoustic approximation to some dynamic problems of cracks. For
acoustic problems on the motion of an ideal compressible liquid we have
the fundamental relations [4]

P a9
NP = oz v = grad @, p=—1rp7 3.1)

Here ¢ is the potential of the perturbed motion which is character-
ized by velocity v and pressure p.

We shall consider two plane problems which illustrate the possibility
of using the acoustic model for solving certain dynamic problems in the
theory of cracks.

1. Steady crack propagation. Suppose that a thin, absolutely rigid
semi-infinite wedge moves at a constant velocity V along its axis of
symmetry in an infinite body. For simplicity, we shall assume that the
thickness of the wedge 2h is constant. We assume that the material of
the body is an ideal compressible liquid, and that the wedge is preceded
by a crack, the length ! of which we require to find. Within the frame-
work of an ideal compressible liquid, the cavity formed by the crack
may be looked upon as a stagnant zone. We take the x-axis as the axis
of symmetry of the wedge with the positive direction in the opposite
direction to the motion of the wedge.

Since the thickness of the wedge is assumed to be small the boundary
conditions may be specified on the x-axis as follows:

vy, =0 forx<{Vt, x>Vit 1

p=0 for V<o Vit .2

With the aid of fundamental relations (3.1) for the perturbed velocity
and pressure in the steady motion of the liquid we obtain the expressions
p=pVRe® (2, ov.=Re® (2, v, =—VIi—mlmd (2
z=z—Vi+ VIi—my, m=V/e (m < 1) (3.3)

Here ®(z) is an analytic function. Making use of (3.3), we cap write
the boundary conditions (3.2) for Im z = 0 in the form
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Im @' (z) =0 for Re 2<0, Rez>1 (3.4
Re®' (z) =0 for 0 << Rez <1

The solution to boundary-value problem (3.4) is of the form [9]

Q’(z)zw(—f—_——T)—, Viz— D=2z4+0(:" as z— o0 (3.5)
We determine the real constant C from the obvious condition
l
.\' vyd:c = W (3.6)
and obtain
hV

C:_—_—:—_ 3,7
aVi—m (3.1)

The crack length ! can be found from the condition obtained in [6]

2 4h2 4
1=—Kf(i—_'"”723 (Kis the cohesion modulus) (3.8)

The present problem is analogous to the problem of the wedging of
brittle bodies [6]. However, the result obtained (3.8) does not agree
even qualitatively with the corresponding result in the wedging of
brittle bodies [6]. This shows that the analogous and simplified formu-
lation of these problems must be approached with extreme caution. How-
ever, (3.8) does provide a reasonable result for an ideal elastic liquid
if the crack is looked upon as a stagnant ZzZone.

2. Nonsteady propagation of cracks. Consider an infinite elastic
ideal liquid subjected to a constant negative pressure p = - Py- Suppose
that at the initial instant in time a cavity, which we cap represent
ideally as a cut along the real axis (-Vt, Vt), where V<, is
initiated at the origin of coordinates and develops along the x-axis at
a constant velocity V. The cavity is free from pressure., This problem is
analogous to Broberg’s problem for elastic bodies [10].

The pressure p satisfies the wave equation

92
¢Ap=3h (3.9

for which we solve the following boundary-value problem:
p=mpy at y=0,]zi<Vt, p=0 at t=0 (3.10)

By superposing a constant pressure - pg on the solution to this
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problem we evidently obtain a solution to the initial problem.

The solution to boundary-value problem (3.9) and (3.10) belongs to
the class of functional-invari-
ant solutions of Smirnov-
Sobolev [11]

s
g p=Re® () @.11)
e Cwmt— iy V= (2 A )

Y B R 9 m: ‘= 7t +

0 " where ®(z) is an analytic func-

tion.

In the plane of the complex variable :z we obtain the following bound-
ary-value problem to determine the function ®(z):

Re®(z) = p, for Imz=0, |Rez|>1/V
Re @ (2) = 0 for Imz =0, [Rez{<1/¢ (3.12)

After the integrals have been evaluated, the solution to boundary-
value problem (3.12) can be reduced to the form

2pglz s 1 n 1
00 =pn— LV Ko+ (=) T ]

(3.13)

m=V/ec¢

where K and T are total elliptic integrals of the first and third kinds.
The function ‘J(z2 - c2)/\1(z2 - V‘2) is positive on the upper boundary of
the cut (-c~1, ¢y,

In order to determine the rate of widening of the cavity we make use
of the condition obtained in [12]. We find that

o P Ve _ 1
P R ViVm{—m K (m)

where R is the dynamic cohesion modulus [12].

(3.14)

A qualjitative representation of expression (3.14) is provided by the
diagram in an analogous way to that for the corresponding relation in
the elastic problem given in [12]. The problem we have studied here
would evidently be of value on its own in the study of cavitation in a
liquid under the action of negative pressures,
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